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Abstract 

Characters and Unear combinations of characters that admit a fermionic sum 
representation as well as a factorized form are considered for some minimal 
Virasoro models. As a consequence, various Rogers-Ramanujan type identities 
are obtained. Dilogarithm identities producing corresponding effective central 
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constructing more general fermionic representations are discussed. 



bytsko@pdmi.ras.ru 



1 Introduction 

A minimal Virasoro model [|| A4{s,t) is parameterized by two positive integers s and t such 
that (s, t) = 1 (i.e. they are co-prime numbers). It has the central charge c(s, t) = 1 — 



St 

s,t _ {nt~nisf-{s~tf 



The characters of its irreducible representations with highest weights /i^'V^ = ^ 

are given by 0] 



s,t 



X'nUq) = E 9'*"' (g'^^"*-"^) - , (1.1) 

Wjoo 

where l<n<s— 1, l<m<t—l, r?^'*^ := /i^'*^ — ^^^^ and (g)m := IVk=ii^~Q'^)- The characters 
possess the following symmetries 

In addition, (1.1) allows us to relate some characters of different models 

where a is a positive number such that {s,at) = {t,as) = 1. For instance, Xm^2(^) — 
Xi'lmiQ)-! rn = 1,2. Below we will also use the identity proven in |^]: 

where m < t/2 and (t,6) = (n, 2) = {t,n) = 1. 

In some cases characters ([L.l[) admit the form named "fermionic representation" 



oo m^Arn+m-B 

Hitherto examples of such representation were obtained for two large classes of characters. 
For A being related to the inverse Cartan matrix for some Lie algebra they were studied in 
Q. In this case certain restrictions are often imposed on the summation over fh. Examples 
of ( |1.5| ) for ^ = or, at most, being a diagonal matrix (and {q)mi being replaced with 
{(i')mi^ b > 0) were obtained in ^] as consequences of representation of characters in the 
"factorized form" 

M + N 

m=l n=l 

where the multiplicities are integer. Here and below we use the notations of ||3[ 

oo n 

W^=n(l±9"^'') ' 0<x<y; {xl;...;x„}^:=^K}^ (1-7) 
A;=0 a=l 

Equivalence of fermionic and factorized forms for characters which admit both types of rep- 
resentation gives rise to non-trivial identities. We will refer to them as to Rogers- Ramanuj an 
type identities. 

The paper is organized as follows. Section 2 contains fermionic sum representations for 
certain families of characters and linear combinations of characters for M{3,t). These results 
are extensions of some previously known examples. Here are also given several fermionic 
sum representations for A4(4, 5), A^(5,6) and M.{6,7) that seem to be new. In Section 3 
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we observe that all the considered (combinations of) characters admit also the factorized 



form (1.6) and present the corresponding Rogers-Ramanujan type identities. In Section 4 
we apply the saddle point analysis to the fermionic representations given in Section 2 and 
derive Bethe ansatz type equations that yield the corresponding effective central charge 
or (for the differences of characters) the secondary effective central charge as a sum of 
dilogarithms. For the latter case we show how to modify the saddle point analysis if we are 
dealing with fermionic sum with alternated signs in summation. We solve the Bethe ansatz 
type equations explicitly and obtain four infinite dilogarithm sum rules corresponding to 
M{3,t) and one non-trivial identity for A^(4, 5). In Section 5 we employ certain identities 
for Virasoro characters and expand the list of fermionic representations for A^(4, 5), Ai{5, 6) 
and 7). Section 6 contains a brief discussion and conclusion. 

2 Fermionic representations for M{3,t), A^(4,5) M{5,Q) and M{Q,7). 

It was observed in that the characters Xi'^^^^{q) and Xi'^^'^'^il) well as all the four 
characters of A^(3, 5) admit the fermionic form ( [1.5| ) with and Aj^ given by 

{Ak)ij = {Ak)^, = mmit,j), for 1 < i, j < k - 1 , (2.1) 

iAk)k, = (Ak)^, = i + '-i^5,, , (2.2) 

(ifc),, ={Ak),j-yikSjk. (2.3) 
It turns out that these results can be extended as follows: 

3,3fc+l/ N , 3,3fc+l / N « '„ 1 (2d) 

m=0 

3,3fc+2/ X , 3,3fc+2 / N ^3,3fc+2 ^ (±ij fcg fc n 

Xin (9)±Xi;3fc+2-n(9) = ^1 ' 2^ 7-^ 7-^ ' (2-5) 

^ ^ WMi • • • wMft 

m=\j 



where l<n<(/c+l), the matrices A^ and Aj^ are defined by ( p.lD -(p^) and the corresponding 
fe-component vectors B'^^^ and B^'^'^ are such that 

(5f +1)^. = max(j - n + 1, 0) + "^S^k , (2.6) 
(Bf+2)^. ={Bf+^). + \5,u. (2.7) 

For example, Sf^^ = (1, 2, 3, . . . , A; - 1, ^), fif +^ = and Bf+^ = (0, . . . , 0, -i). 



It turns out that besides the infinite families ( |2.4| ) and (2.5) of fermionic sums for the 



combinations of characters there exist similar ones for "single" characters: 

Xtr?(^) = <f--^ E TZ. ' (2-8) 

^ ft wMi • • • wM2t 



where t = 1,2,3 . . ., A and A are defined in (|2.l| ) - (|2.3D , and 

(C^*-!)^. = max(j - t + 1, 0) - f 5,, 2t-i , (C2*)^. = max(j -t + l,0)- '-^6j,2t • (2.10) 
For example, = (i), = (1, A), = (0, 1, 1), & = (0, 1, 2, 1). 
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Although formal derivation of (2.4)-( ^3| ) and (2.S)- (|2^ is beyond the scope of the present 



paper, I have verified these identities using Mathematica for k < 7, t < 5 expanding them 
typically up to q^^^. A rigorous proof can presumably be achieved with the help of the 
machinery of Bailey pairs (see e.g. B). In contrast to a generic fermionic representation, 



eqs. (2^) and (|2.5| ) do not have restrictions on the summation. However, if we combine them 
to obtain an expression for a single character, the summation over will be restricted to 
either odd or even numbers. In particular, eq. (|2.4| ) in the case of = 1, n = 2 gives two 
expressions for Xi'ti^) (^^ noted also in Q). Moreover, eq. ( |2.8|) yields one more expression 
for the same character and hence we get 

m — odd m — even 

While (|2.4| ) and ( |2.5D extend previously known examples, the following fermionic repre- 
sentations for 7W(4, 5), A^(5,6) and Ai{6,7) to my knowledge have not been discussed in 
the literature so far: 

A1(4, 5): two characters are representable in the form ( |1.5D with 

^=^(J })> (2-12) 
namely, for n = 1,2 the following equality holds 

• 



7W(5,6): certain linear combinations of characters admit the form (1.5) with 



^=-2(1 I I > (2-14) 



namely, for n = 1,2, we have 



X'nii^l) ± 44(^) = E ^^^^^ ^^wT^ ' (2-15) 

^ wMiV'/M2 

m=U 

5g 00 Nm2 „5(m2+m2)+mim2+(n-l)(mi+m2) 

- Xr^'M = E ^-^^ Uri^. • (2-16) 

^ 7t wMiV'/M2 

r?i=U 

A^(5,6): Another fermionic representation for the characters of the A1(5,6) model can be 



obtained if we notice that eqs. (1.3) and ( |1.4| ) allow us to relate these characters to those 



of the A^(3,10) model: Xn,2^<l) ± XnA'i) = Xi,2n{Q) ± Xi;io-2n(9) and Xn,iiQ) - Xn,5il) 
3,10 / 

Xl,5-2nV 

we find 



Xi's^nC?) ~ Xi'5+2n(9)) n = 1,2. Combining these relations with formulae (|2.4| ) for k = 3, 



g oo /.-.Nms m*Am+(2-n)m2 + (f-n)m3 

± Xf4(^) = 'Z^- E ^ ^ L , . , . , (2-17) 

in=0 

5 g oo / iNms m*Am+(n-l)(mi+2m2+m3) 

- - e ' ' — • 

m=0 
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where n = 1, 2 and 




Furthermore, eq. ( |1.3D also imphes that XnsiQ) = Xi'3,, 
model a fermionic representation is well known 0, ^, 



2,15/ N 



2,2fc+l 



2,2fc+l 
7^1 n 



E 

m=0 



(2.19) 

1,2. For the M{2,2k + 1) 
(2.20) 



where l<n<A;, {Fn)j — max(j — n + 1,0), and coincides with the {k—l)x[k—l) minor 
(2.1) which is the inverse Cartan matrix of the tadpole graph with {k—1) nodes. This gives 
us yet another fermionic representation for A4(5,6) with A being 6x6 matrix. 
-^(6,7): Employing again eqs. (jTI) and (|l|), we observe that xl'Jnil) ^ xl'Jniq) = Xi^tiiq) ± 

xlit-2niQ) and Xijiil) - xl'li^) = Xijt2niq) - X^jWl^), where n = 1,2,3. Combining 
these relations with formulae (|2.5|) for A; = 4, we find 



m=0 

00 



(zbl)™"* gni*A»n.+ (2-n)(m2+2m3)+{|-n)m4 



iq)m.Aq)m.2{q)mAq) 



n 



m4 



xijniq) - xli'niq) = q 

where = (0,0,0,0), 



6,7, 



iq)mAq)m2{q)maiq) 



n 



1,2,3, 



1,2, (2.21) 
(2.22) 



m4 



m=0 

(0,0,1,1), Z33 = (1,2,3,2) and 



A 



( 1 
1 
1 



1 1 

2 2 
2 3 
1 ^ 



w 

1 

3 
2 

1 ; 



(2.23) 



Furthermore, due to eq. ( |1.3[ ) we can identify X3n(9) = Xi'3n(9)! = 1)2,3. Therefore, 
these three characters of 7W(6, 7) admit fermionic form of the type ( p.20| ) with A being 9x9 
matrix. 



3 Rogers-Ramanujan type identities. 

In the previous section we considered some characters and combinations of characters which 
possess fermionic representations. It turns out that all of them have another common feature 



- they are factorizable, that is they admit also the form (1^). For the characters of the 
7W(2, 2k + 1) models this is the well-known representation 

' |i{j;2A; + l-i}-,^,' ^'-'^ 



where we use the notations (1^). Equality of the r.h.s. of eqs. (l3.l| ) and (l2.2C| ) yields a family 



of identities known as the Andrews-Gordon identities 0. For k = 2 these are the famous 
Rogers-Ramanujan identities [0] 
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Actually, (|3.1D is only a particular case of a more general formula 



2n,t 



xl%(.q) = -j-Y:r{nm; nt - nm; nt}^^ , (3.3) 



which together with 



3n,t 
-iVn.m 



xl%(.q) = jT^inm; 2nt - nm; 2nt]2nt{'^nt - 2nm; 2nt + 2nm}^^^ (3.4) 

exhausts the possibility for single characters to be factorizable on the base of the A^^'^ and 
A^2^ Macdonald identities 0, |l^ . Furthermore, it was shown in Q that in certain cases 
the following combinations 

also are factorizable on the base of the same Macdonald identities. The explicit formulae 
found in read 

3n,t 

xl%iq)±xl:U^) = j—{nm-,nt-nrn}-,{f}-^{^^;^^}^, (3.6) 

in.t 

xt%{q)±xtU^) = ^{nm;nt-nm;nt}-,{f-nm;f + nm;f}^^, (3.7) 



{III 

6n,t 

6 f 6n t qVii.m 

Xn%iq) - X5n,miq) = J— {nm] ut - nm] nt}-^{nt - 2n'm-, nt + 2nm}2nt ■ (3 



{i}r 

Combining the fermionic representations given in the previous section with these factorized 
representations, we obtain various identities of the "sum-product" type. They can be re- 
garded as generalizations of the Rogers-Ramanujan identities and it seems that many of 
them (especially those with a multivariable summation) have not appeared in the literature 
so far. 

A4{3,t): According to (3^) the fermionic sums on the r.h.s. of (^)-(|2^) are equal, respec- 
tively, to 

3,3fc+l 

^{n; 3^ + 1 - n}3-,^,{^};^ {^^; , (3.9) 

L-'-Jl 2 2 

3,3fc+2 

^{n; 3k + 2- njj.^^^A^ {^n; ^->^}%^ . (3.10) 



2 2 



For instance, for k = 1,2 we get the following identities 



1^2 nn / , -.n™ 1^^ — im 



£^±i^^ef. ^a^DW^. (3.n) 



m=U ^—11 y-iJ-m 

00 I M 'm™ , 5-2n . 5+2n l± 



y ^ ^^T^ = T^TITT n = l,2, 3.12 

i'o iQ)m {f}t{3-n;2 + n}5- ' ^ ^ 



2 



E^^^^ rV^^ = 3 l<^<3,(3.13) 

-=o iqUAq)m, q}t_U{r,7-j}7 

2 j = l 
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' ' M M — " ''^ P'") 

Here we simplified the product sides exploiting the Euler identity {x}j^{x}2:j. = 1 and other 
transformations (see |^]). Eqs. ( 3.11 ) are well known (see e.g. eqs. ( |3.12|) were presented 
in [^]. It should be remarked that in some cases the combinations on the l.h.s. of (p.4|)-( p^ ) 
belong both to (|3.6D and (^I^). In this case the product side acquires more compact form 
H: 



X~(g) ± xXri^) = ^-^{nm}~„,{'^}tm ■ (3.15) 



Therefore we obtain 



^ {q)m^ . . . {q)mit+i {l}r 

m=0 

(9W---(gW+2 {i}r 

m=0 



where t = 0, 1, 2, . . ., and A, A and S are defined in (|2jJ)-(^ and (^)-(l2J). For instance, 
( |3l7D yields for t = 

m=U 771=0 

The last equality is due to the fact that Xi'2(9) ~ Xi'eC?) = ^ (^^^ B H)- 

For the fermionic sum s (|2.8D -(2.9) the product side also simplifies since these characters 
belong both to (|3.3| ) and (^.4|). Namely, we obtain for t = 1, 2, 3 . . . 



9 _ jot - ij-3^_i g _ \6i i- ij-3t+i ^2 

T"'^ (9)mi . . . (g)m2t-i {l}r ' 7^^ . . . (g)m2t 

m=0 ni=0 

where A, A and C are defined in (|]3)-(|2j) and (pTO| ). For instance, for t = 1 we get 

°° ^^m^ + lm °^ mf + im|+mim2+mi + im2 

E^77^=W^> = {i}tm. (3.20) 

iib—u m=0 



To complete the discussion of the ^A{3, t) case, we recall that since each of eqs. (p^)- ( 12^51 ) 
comprises two equalities, we can express the involved characters as sums without alternation 
of the sign but with summation over m^. restricted to odd or even numbers. Then, according 
to ( p. 4] ), each character obtained in this way admits also the product representation. Thus, 
we get for t = 3A;+1, l<n<A;+l 

E h = 7TT^^^5 2t - n; 2t}^,{2t - 2n; 2t + 2n}j, , (3.21) 

— even 

E h = TTT^^* -n;t + n; 2t}^^{2n; At - 2n}r, , (3.22) 
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and analogous formulae for t = 3k+2 if Af^. is replaced by Af^. 
M{4, 5): From (|2l^ ) and (U) we obtain for n = 1,2 



oo 2m2 + im|+mim2+{4-2n)r?ii + im2 

1 = '-J 5 (3.23) 



A^(5,6): Combining (pl5|)-pl^) with Q and Q, we obtain for n = 1, 2 



I] ^ ^ ^ T^^^ ^ = ^ ^ = (3.24) 

rr'o (9)mi('7)m2 {n;5-n}5{|-n;| + n}^ 

°° ^j_]^^m3^mJ+2m|+m|+2mim2+mirn,3+2m2rn,3+{2-n)m2+{|-n)m3 

(g)mi(g)m2(9)m3 

r?i=0 

1 ^.v,2 I 



oo 



^ ^ = I = (3 25) 

('/)mi(9)m2 {2n;10-2n}ro 

°° ^_]^^m3^mj+2m|+m|+2mim2+rriirn,3+2m2rn,3+(n-l)(mi+2m2+'n3) 

(9)mi(g)m2(9)m3 

m=0 



A^(6,7): The fermionic sums on the r.h.s. of ( ^.21 ) and ( 2.22 ) are equal, respectively, to 



6,7 6,7 

1 ^ 1 ^ (3.26) 

{1;4 - n;3 + n;6}7 {| - n; | + n}^ ' 7 - {2n; 14 - 2n}^4 ' 

where di = 3, ^2 = 1, = 2. 
4 Dilogarithm identities. 

If a g-series x(Q') (not necessarily identified in terms of characters) admits both fermionic 
representation ( p,.5| ) and product representation ( |1.6D , it implies not only existence of a 
Rogers-Ramanujan type identity but also leads to a certain identity involving the dilogarithm 
function, L{x) = Yl'^=i ^ + 1 ^ ^^(^ ~ Indeed, the product side allows us to find easily 
the number Ceff that governs the asymptotics of x{q) in the g — > 1 limit (see e.g. fs], ^). On 
the other hand, the same number can be obtained from the fermionic sum by the saddle point 
analysis (see e.g. [Q, |9|). Equivalence of the two expressions for Ces is typically a nontrivial 
identity. Of course, if it is known a-priory that xIq) is a character, then its fermionic 
form alone leads to a dilogarithm identity since Ceg (effective central charge) is fixed by the 
properties of xil) with respect to the modular transformations. Namely, let q = e^'^*'^ and 

q = e"^'^*/'^, then for the minimal Virasoro model Ai{s,t) we have Xn'mio) ~ "'24 as 
— > 1, where 

6 

Cefr(s, t) = c(s, t) - 2Ah' = 1 - ^ • (4.1) 

Here h' denotes the lowest conformal weight in the model. Furthermore, as it was shown in 
m, a difference of characters of the type (|3.5| ) for all minimal models but Ai{2,t) has the 

c(s,t) 

asymptotics q 24 when q ^ 1. Here c (secondary effective central charge) is given by 

24 

c(s, t) = c{s, t) - 2Ah" =1 , (4.2) 

st 

where h" stands for the second lowest conformal weight in the model. 
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For our purposes we need to consider a slightly generalized version of ( |1.5| ): 

m^Am+Tn-B 

where bi are some positive numbers. Modifying properly the standard saddle point analysis 

of a fermionic sum (see H, M for the case bi = 1 and H] for 6^ = 6 7^ 1), we find that ( ^ ) 
has the asymptotics q 24 as g ^ 1 with 

6^1 

Ceff = — E i-L{xi) . (4.4) 
Here the set of numbers < Xi < 1 satisfies the following equations 

^^ =n(l-x,)^^^"^^"\ i = l,...,r. (4.5) 

Let us define {A)ij = ^{Aij+Aji). If matrix A is invertible, it is convenient to introduce 

1 = 2 — {A)~^ (generalized incidence matrix) and make the substitution Xj = 1//U?. Then 
(|4|) and ( p3D turn into 

^efi = 4 E ' = 1 + n(/^^)''^ • (4-6) 

^ i=l j=l 



As we have seen above, certain differences of characters of the type (|3.5| ) admit the 
fermionic form with alternated summation over the last variable, 

Xiq) = q'^"'^' E f \ • (4-7) 

^ (9)mi • • • [q)mr 

Let us find equations describing the q ^ 1 limit of such series. To this end we notice that 

_L..,_„.vJ'»<".«.^. ,4.8) 
Therefore we can rewrite ( [4. 7] ) as follows 

rn^A'm+rn-B' 
^ [q)rm ■ ■ ■ [q)mr-i{q ^>mr 

where 

{A')ij = Aij - \5ir5jr , {B')j = {B)j - \bjr • (4.10) 

Eq. (|4.9|) is a particular case of ( [4. 3D with 61 = . . . = 6^,-1 = —br = 1 and thus we can apply 
eqs. ( [4.41 )- ( p?5D . We conclude that ( [4.7D has the asymptotics q'^ q^ \ with 

6 

7r2 



^ = 4(E^(yO-Myr.)), (4.11) 



where the set of numbers < < 1 satisfies the following equations 

r 



=^(l-y.)^"'^^"^^^^''^^'^ i = l,...,r. (4.12) 
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It is again convenient to introduce I' = 2 — {A') ^, where {A')ij = ^{—l)^^''{A^j + A'j^) 
Then, making the substitution yi = , we transform ( [4.11| )-( p:.12| ) to 



i=l 



(4.13) 



Let us remark that performing the following change of variables in ( 4.11| )-( |4.12 ): Zi = yi, 
i < r and Zr = yl_-i , we can transform these equations to the form almost coinciding with 
( |4.4| )- (|4.5| ) (for bi = 1) and involving the initial matrix A: 



6 



(-1)' 



A.ij-\-A.j 



1, 



(4.14) 



In contrast with ( [4.5D , now Zr < 0. Deriving (|4.14 ) we used the definition |14, 15]: L{x) = 
L{j^) — L{1) for X < 0, and the property L{x) = —L{^^) for x < 1. 

Generalization of ( 4.1lD -( p:.14 ) for the case of a fermionic sum involving alternated sum- 
mation over several variables is obvious. Now let us list dilogarithm identities that follow 
from the formulae ( [4. 61) , ( [4.13| ) and ( [4.lD -(^I^) for the (combinations of) characters considered 
in the previous sections. 

A1(3, S/c + 1) and A^(3, 3A; + 2): The explicit expressions (2.1)-(2.3) for the matrices A^ and 
Ak allow us to compute the corresponding matrices Ik and Ik 



(4) 



lOj,k 



25i h5 



i,k"j,k 



(4.15) 
(4.16) 



These generalized incidence matrices differ from those of the Lie algebra A^ only by a few 
entries in the lower-right corner. This hints on a possibility to solve the corresponding sets 
of equations ( [4. 61) in a uniform manner, similar to that known for the Ai{2, t) models 16|. 



Indeed, we find the following solutions of ( [4.6[ ) (they can be verified by a straightforward 
substitution): 



sm 



(i+l)7r 
3fc+l 



l<i< k-1 



sm ■ 



1 + 



sm 



3A:+l 



3A:+1 3k+l 

for Ik given by ( 4.15D (that is in the case M{3,3k + 1) model) and 



sm 



(i+l)7r 
3fc+2 



1 < i < /c - 1 



sm 



sm 



{k + l)TV 

3fc+2 



3k+2 



sm 



3k+2 



for Ik given by ( 4.16| ) {M{3,3k + 2) model). Combining these results with ( [4.1| 
the following identities 



k-l 



i=l 
k-l 



sm 



3fc+l 



2 (i+l)TT 



sm 



sm 



+ 



sm 



3/c+l 



3fc+l 



3fc+2 



^sm 



3A:+1 



-|- sin 



TT^ 3k-l 



i=l 



2 (»+l)7r 



sm 



sm 



3A:+2 



3fc+2 



sm 



(fc+l)7r 
3A;+2 



vr 



3fc+l 

2 3k 



6 3k + l 



6 3k + 2 



(4.17) 

(4.18) 
we derive 

(4.19) 
(4.20) 



Let us remark that although these identities were derived here exploiting the modular prop- 
erties of characters and the saddle point analysis, they resemble the "general vli-type" dilog- 
arithm identities ||l5[ and probably can be proved in more direct way based on the func- 
tional relations for the dilogarithm. For instance, eq. ( [4.2C ) for k = 2 yields the equality 
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{L{1 — + L{\/2 — 1)) = It can be proved with the help of the Abel duplication 
formula |jl^, |l^. It should be mentioned that eq. ( 4.19| ) for k odd was encountered in |1?] in 
the context of the thermodynamic Bethe ansatz. 

Next we consider the differences of characters in ( |2.4D -( ^!5|) . First, we compute the 
matrices and It turns out that for A4{3,3k + 1) det(A^) = that is does not exist 
and we have to solve the equations ( 4.12| ). For A^(3,3A; + 2) the matrix exists and is given 

by 



{I'k 



kJij 



We obtain the following solution of ( 4.12| ) for 7W(3, 3fc + 1) (written in terms of 
for the sake of uniformness) 



sm 



(2t+2)7r 
3fc+l 



sm 



2-K 



l<i<k-l\ 



sm 



2k-K 
3fc+l 



3fc+l 

and of ( p^ ) for A^(3, 3A; + 2): 



sm 



27r 
3/c+l 



sm 



(2i+2)7r 
3fc+2 



sm 



2tt 
3fc+2 



l<i<k-l: 



1 + 



sm 



(2fc+2)7r 
3A:+2 



sm 



2tt 
3A:+2 



Combining these results with (HT 



k-l 



EM 

i=l 
k-l 

EM 



/ sm 



2 2-K 



Zk+l 



we obtain the following dilogarithm identities 

2-K _2 



V . 2 {2i+2)K 
^^^^ 3fc+l 
2 2k 



sm 



3fc+l 



sm 



vr^ 3/fc - 7 



sm 



3A;+2 



1=1 



V . 2 (22+2)7r 
^^"^ 3A:+2 



-if 



2kK 
3fc+l 

sin 



6 3A; + 1 

2-K .2 



3fc+2 



\ • 2-K I ■ (2fc+2)7r 
^^"^ 3A:+2 "I" 3fc+2 



vr^ 3fc - 6 



6 3/t + 2 



(4.21) 

(4.22) 

(4.23) 

(4.24) 
(4.25) 



A^(4, 5): Eq. (|4.5|) for A given by ( |2.12D can be reduced to a bi-quadratic equation. Solving 
it we obtain xi = 1 — y/p, X2 = 1 — j+^i where p := According to (|4l| ) and (|!J) 

this leads to the identity 

^(l - \f^) ^.f ^ = . (4.26) 



v^+Vv^-i^ 10 6 

Although the summation in the fermionic representation ( |2.13| ) is not alternated, we can 
nevertheless introduce matrix A' according to ( [4.10| ) and solve eqs. ( |4.11| )-( |4.12 ). The solution 
is yi = 1 — /3, 2/2 = /O and thus we get c = ^(L(l — p) — L{p)) = — g. This identity is rather 

2 2 

trivial mathematically (since it is well known that L{p) = and L(l — p) = fg-) but it is 

remarkable that the value of c is in agreement with ( [4.21 ). 

A^(5,6): It is easy to see that for this model any matrix of the form 



1 — a 
a 



a 
1 — a 



a < 1/2, 



(4.27) 



Besides 



yields xi = X2 = 1 — p and gives the correct central charge: Cog = -^2L{1 — p) = |. 
our example ( 2.14 ) corresponding to a = ^ the case of a = ^ is known 01- However, matrix 



A' constructed from (4.27) according to ( |4.10| ) leads to the correct value of c only for a = ^. 
Namely, in this case we get yi = p, 2/2 = 1 — P and c = -^{L{p) — L(l — p)) = i. It 
would be interesting to see if there are fermionic representations for characters of 7W(5,6) 
corresponding to other values of a. Below we will show that a = appears not in A^(5, 6) 
but in closely related A^(3, 10) model. 
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5 Further fermionic representations and identities. 

So far we considered only "irreducible" fermionic representations of characters, i.e. those that 
are not decomposable into a product of other fermionic sums. However, there are many ways 
to construct "reducible" fermionic representations. One of them was discussed in ^ and 
based on the fact that any factorizable character can be brought to the form (f4.3D (typically 
with bi ^ 1) with the help of the following formulae 

{x}y = ' TZTT = ~~(~^\ • (^-^^ 

Another possibility is to use relations expressing a character as a product of other char- 
acters for which fermionic representation is known. To derive and prove such relations it is 
often convenient to exploit the factorized forms of characters. For instance, with the help 
of (|3.3|), ( |3.4| ) and ( ^ ) it is straightforward to check the following identities (see Q for a 
similar derivation) 

x^%''"(g)xS"^(g) = xlt'^ii) xS^"^('?) , (5.2) 

2n.3m/ \ ( 3n,10m, / \ , 3n,10m / \\ 2n.5m/ \ 2n,5m / \ j i n /tr o^ 

Xn,m (q) {Xn,;ni2k-l)(l) + ^nMll-2k)(l) ) = ^n,mk (l) Xn,mk W) ' ^ = 1,2 . (5.3) 

Choosing here n = m = 1 (recall that Xi'i(9) = 1) ^-ncl using the sum side of the Rogers- 



Ramanujan identities ( |3.2D , we obtain the following formulae 

3 10 2 5 2 5 1 °° qnrv^+m^+mi 

xlfiq) = xli{q)xli{q) = q^ Y tta — 7T\ — ' (^•^) 

171=0 

3 10 3 10 2 5 2 5 23-i2fc °° ^m2+m| + (4-2A:)mi 

xlfk-M + xlji-2ki<i) = xli{q)xliiq) = q^^ Y — — tta ' i^-^) 

^ ^ WM1WM2 

m=U 

where k = 1,2. These reducible fermionic representations correspond to the choice a = for 
the matrix A given by ( 4.27| ). 

Using in the similar way the following identities for k = 1,2 (they were found in [18| and 
generalized to the form similar to (|5.2D-(^^ in M) 



xtiiq) = xliiq) (xi:(3_fc)(9) - Xi;(2+fe)(9)) , (5-6) 
xtiiq) ± xtiiq) = {xliiq) ± xliiq)) {xl%.k)(i) ^ xlf2+k)(i)) i^-^) 

and employing any of the fermionic representations for Ai{3, 4) and 7W(5, 6) discussed above, 
we get different reducible fermionic representations for A4(4, 5). For instance, substituting 
(I2.11D and (l2l^ ) into (|^ we obtain 

4 5 °° \m3 „|(mJ+m|+m§)+m2m3 + imi + (2-fe)(m2+m3) 

^ (g)mi(g)m2(g)m3 
m=0 

One more possibility to extend the list of fermionic representations is to consider relations 
between characters with rescaled argument q. For instance, we have 

Xn^2iq) + XnUq) = Xl^niqh ^ Xn^iq) - Xniiq) = Xli-niq"^) , n = l,2. (5.9) 
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Together with (3.2) this gives yet another fermionic representation for A4{5,Q) 

,im,2+{l-2)m 

I m=0 



m=0 



5 6 5 6 °° q2m^+{2n-2)m 
XnliQ) - XnU'l) = (^J^ • (5-10) 



On the other hand, reading eqs. ( |5.9| ) from the right to the left and using ( 2.15| )- p.l6 ), we 
obtain alternative sum sides for the Rogers- Ramanuj an identities 



oo m'^ + {2-n)m 

T 

^ {q)m 



m=0 



°° g(™i+™2)^+mi+{4-2n)m2 



m=0 



E 

m=0 



(5.11) 

where n = 1, 2. This sequence of identities can be continued further employing the fermionic 
representations ( 2.17| )- (|2.18 ) and also those found in |0] (corresponding to ( 4.27] ) with a = |). 
Another set of relations observed in |^ 



6,7 



6,7 



(5.12) 



where di = 3, d2 = 1, ds = 2, together with eqs. (12^211)- ( |232|) can be used to get fermionic 
representations of the type (|4.3D for the 7W(6, 7) model. 

It is also possible to combine rescaling of q and constructing of reducible fermionic sums. 
For example, let p be a prime number such that {p,t) = 1. Then, using ( |l.lD , it is easy to 
derive the following relation 



xlfiq)x'nU'in =XIZM. 



(5.13) 



Here Xi|p^('i') should be replaced with Xi^zi^) if P = 3. If p is not a prime number, general- 
ization of ( p.l3| ) can be achieved by decomposing p into proper factors. Now choosing p = 2, 
t = 5 and s = 2 or s = 3 in ( |5.13| ), we get for A; = 1, 2 

X2l{q) = x^il{q^)x^i^2{q) > x^klio) ± x^k%<i) = (xilio^) ± x?;Lfc(9^))x?;2(9) • (5-i4) 

Substituting here ( ^) , (12TT1) and (|1|), we obtain more fermionic representations of the 
type (O) for the M{A,b) and M{b,&) models: 



2,9/ 



oo ^2m\ + \ml + {A-2k)mx + ^m2 



Xiliq) = 

rri=0 

oo 
m=0 



1,2, 



(9^)mi(g)m2 

(±1)™^ ^|{rriJ+m^)+{2-fc)mi + im2 



(9^)mi(g) 



1,2. 



(5.15) 
(5.16) 
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6 Discussion. 

Having a character (linear combination of characters) in the fermionic form (^|^), we can 
rewrite it as a series x{q) = Y^h=o l^kl^ ^ where the level k admits partitioning, k = X]a=i Z^ia P^a > 
into parts of a specific form. The interpretation of the pjj" as momenta of massless particles 
gives rise to the quasi-particle picture, where a character is regarded as a partition function, 
xil) = Sfc ^J'ke~^^'' ■ Here q = q-'^'^P'"/^ ^ with v being the speed of sound, and L - the size of 
the system. This quasi-particle representation was developed originally in (for 6, = 1) and 
became a standard technique by now. It is also applicable to factorized characters [^, ^, |l9l 
(in this case bi 7^ 1). 
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For the fermionic form (1.5) or (4.3) of a character the quasi-particle representation in- 



volves r quasi-particles. They are naturally interpreted as a conformal limit of particles 
presented in a massive theory related to the given conformal model. Moreover, it was sug- 
gested in that different non-equivalent fermionic representations of the same character 
correspond to different integrable perturbations of the conformal model in question. It 
would be interesting to understand if the representations for A^(4, 5), A4(5, 6) and A1(6, 7) 
discussed above in Section 2 agree with this picture. Our results demonstrate that the num- 
ber of non-equivalent fermionic representations for ^A{s, t) increases if st can be represented 
as a product of two other co-prime numbers. For instance, we have encountered above three 



representations of the type (L5) for Ai{5, 6) besides the one considered in Furthermore, 
we can considerably expand the list of non-equivalent fermionic representations, if we are 
looking for representations of the type (|4.3| ), including those that are reducible. For instance. 



in this way one obtains representations with one ( p. 10 ) and two quasi-particles ( p. 16 ) for 



Ai{5,6) (another two-particle representation of the type ([4. 3D follows from the factorized 
characters |3|, ) . 

To summarize, in the present paper we have extended the list of fermionic representations 
for some minimal Virasoro models. Physical content of these representations, in particular, 
their connection with massive integrable models remains to be investigated. For all con- 
sidered fermionic representations we have established Rogers- Ramanuj an type identities and 
the corresponding dilogarithm identities. The Rogers- Ramanuj an type identities possibly can 
be employed to construct various quasi-particle representations for certain physical entities 
arising in the lattice models of statistical mechanics. 

After submission of this manuscript I was informed by the referee that connection of the 
matrix (|1|) to the 7W(4, 5) model was found earlier by M. Terhoeven (unpublished). 

Acknowledgement: I am grateful to A. Fring for useful discussions. 
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